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Liouville theorem for Pseudoharmonic maps from
Sasakian manifolds∗†‡
Yibin Ren§ Guilin Yang Tian Chong
Abstract
In this paper, we derive a sub-gradient estimate for pseudoharmonic
maps from noncompact complete Sasakian manifolds which satisfy CR
sub-Laplace comparison property, to simply-connected Riemannian man-
ifolds with nonpositive sectional curvature. As its application, we obtain
some Liouville theorems for pseudoharmonic maps. In the Appendix,
we modify the method and apply it to harmonic maps from noncompact
complete Sasakian manifolds.
1 Introduction
In [10], S. T. Yau derived a well-known gradient estimate for harmonic func-
tions on complete noncompact Riemnnian manifolds. By this estimate, he got
a Liouville theorem for positive harmonic functions on Riemannian manifolds
with nonnegative Ricci curvature. In [2], S. Y. Cheng generlized the method in
[10] to harmonic maps. In [3], S. C. Chang, T. J. Kuo and J. Tie modified the
method in [10] and applied it to positive pseudohamonic functions on noncom-
pact Sasakian (2n + 1)-manifolds. They introduced a new auxiliary function
and successfully dealt with the awkward term in Bochner-type formula. As a
result, they obtained a sub-gradient estimate and Liouville theorem for positive
pseudoharmonic functions.
In this paper, inspired by [2, 3], we derive a sub-gradient estimate for pseu-
doharmonic maps from noncompact complete Sasakian manifolds which satisfies
CR sub-Laplace comparison property (Theorem 5.3). Then we get the Liouville
theorem for pseudoharmonic maps (Theorem 5.6). In the Appendix, we apply
the method to harmonic maps from noncompact complete Sasakian manifolds
and derive a Reeb energy density estimate (Theorem 6.5). From this estimate,
we can prove Liouville theorem for harmonic maps on Sasakian manifolds.
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2 Basic Notions
A smooth manifold M of real dimension (2n+ 1) is said to be a CR manifold,
if there exists a smooth rank n complex subbundle T1,0M ⊂ TM ⊗C such that
T1,0M ∩ T0,1M = 0
and
[Γ(T1,0M),Γ(T1,0M)] ⊂ Γ(T1,0M)
where T0,1M = T1,0M is the complex conjugate of T1,0M . If M is a CR mani-
fold, then its Levi distribution is the real subbundle HM = Re{T1,0M⊕T0,1M}.
It carries a complex structure Jb : HM → HM , which is given by Jb(X +X) =√−1(X − X) for any X ∈ T1,0M . Since HM is naturally oriented by the
complex structure, then M is orientable if and only if there exists a global non-
vanishing 1-form θ such that θ(HM) = 0. Any such section θ is referred to as
a pseudo-Hermitian structure on M . The Levi form Lθ is given by
Lθ(Z,W ) = −
√−1dθ(Z,W )
for any Z,W ∈ T1,0M .
Definition 2.1. An orientable CR manifold M with a pseudo-Hermitian struc-
ture θ, denoted by (M,HM, Jb, θ), is called a pseudo-Hermitian manifold. A
pseudo-Hermitian manifold (M,HM, Jb, θ) is said to be a strictly pseudoconvex
CR manifold if its Levi form Lθ is positive definite.
If (M,HM, Jb, θ) is strictly pseudoconvex, there exists a unique nonvanishing
vector field T , transverse to HM , satisfying T y θ = 1, T y dθ = 0. This vector
field is called the characteristic direction of (M,HM, Jb, θ). Define the bilinear
form Gθ by
Gθ(X,Y ) = dθ(X, JbY )
forX,Y ∈ HM . Since Lθ and Gθ coincide on T1,0M⊗T0,1M , Gθ is also positive
definite on HM ⊗HM . This allows us to define a Riemannian metric gθ on M
by
gθ(X,Y ) = Gθ(πHX, πHY ) + θ(X)θ(Y ), X, Y ∈ TM
where πH : TM → HM is the projection associated to the direct sum decom-
position TM = HM ⊕ RT . This metric is usually called the Webster metric.
On a strictly pseudoconvex CR manifold, there exists a canonical connection
preserving the complex structure and the Webster metric. Actually
Proposition 2.2 ([5]). Let (M,HM, Jb, θ) be a strictly pseudoconvex CR man-
ifold. Let T be the characteristic direction and Jb the complex structure in HM
(extending to an endomorphism of TM by requiring that JbT = 0). Let gθ be
the Webster metric. Then there is a unique linear connection ∇ on M (called
the Tanaka-Webster connection) such that:
(i) The Levi distribution HM is parallel with respect to ∇.
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(ii) ∇Jb = 0, ∇gθ = 0.
(iii) The torsion T∇ of ∇ satisfies T∇(X,Y ) = 2dθ(X,Y )T and T∇(T, JbX) +
JbT∇(T,X) = 0 for any X,Y ∈ HM .
The pseudo-Hermitian torsion, denoted τ , is the TM -valued 1-form defined
by τ(X) = T∇(T,X). Note that τ(T1,0M) ⊂ T0,1M and τ is gθ-symmetric (cf.
[5]).
Proposition 2.3 ([5]). If (M,HM, Jb, θ) is a strictly pseudoconvex CR man-
ifold, the synthetic object (Jb,−T,−θ, gθ) is a contact metric structure on M .
This contact metric structure is a Sasakian structure if and only if the pseudo-
Hermitian torsion τ is zero.
Example 2.4 (Heisenberg group). The Heisenberg group Hn is obtained by
C
n × R with the group law
(z, t) · (w, s) = (z + w, t+ s+ 2Im〈z, w〉).
Let us consider the complex vector fields on Hn,
Tα =
∂
∂zα
+
√−1zα ∂
∂t
where ∂∂zα =
1
2 (
∂
∂xα −
√−1 ∂∂yα ) and zα = xα +
√−1yα. The CR structure
T1,0H
n is spanned by {T1, . . . , Tn}. There is a pseudo-Hermitian structure θ on
Hn defined by
θ = dt+ 2
n∑
α=1
(xαdyα − yαdxα).
The Levi form Lθ = 2
∑n
α=1 dz
α ∧ dzα¯ is positive definite, so (Hn, HHn, Jb, θ)
is a strictly pseudo-Hermitian CR manifold. The characteristic direction is
T = ∂∂t . Moreover, the Tanaka-Webster connection of (H
n, HHn, Jb, θ) is flat.
Hence the pseudo-Hermitian torsion is zero, and (Hn, HHn, Jb, θ) is Sasakian
(See [5] for details).
Let (M,HM, Jb, θ) be a strictly pseudoconvex CR (2n+1)-manifold. Let
{Z1, . . . , Zn} be a local orthonormal frame of T1,0M defined on the open set
U ⊂M , and {θ1, . . . θn} its dual coframe. Then,
dθ = 2
√−1
n∑
α=1
θα ∧ θα¯.
Since τ(T1,0M) ⊂ T0,1M , one can set τZα = A β¯α Zβ¯ for some local smooth
functions A β¯α : U → C. Denote by {ω βα } the Tanaka-Webster connection 1-
forms with respect to the frame {Tα}, i.e. ∇Zα = ω βα ⊗Zβ. Then the structure
equations can be expressed as follows:
dθβ = θα ∧ ω βα + θ ∧ τβ , τα ∧ θα = 0, ω βα + ω α¯β¯ = 0 (2.1)
3
where τα = Aα
β¯
θβ¯ = Aα¯β¯θ
β¯ is a local 1-form.
In [5, 11], the authors showed that the curvature form of Tanaka-Webster
connection Π αβ = dω
α
β − ω γβ ∧ ω αγ is given by
Π αβ = R
α
β µγ¯θ
µ∧θγ¯+W αβ µθµ∧θ−Wαβµ¯θµ¯∧θ+2
√−1θβ∧τα−2
√−1τβ∧θα (2.2)
where W αβ µ = A
α
βµ, and W
α
βµ¯ = A
α
µ¯,β . In particular, Rβα¯µγ¯ = Rµα¯βγ¯ . The
pseudo-Hermitian Ric tensor and the Tor tensor on T1,0M are defined by
Ric(X,Y ) = Rαβ¯Xα¯Yβ = Rαβ¯γγ¯Xα¯Yβ (2.3)
and
Tor(X,Y ) =
√−1(XαYβAα¯β¯ −Xα¯Yβ¯Aαβ) (2.4)
for X = Xα¯Zα ∈M, Y = Yβ¯Zβ ∈M .
Assume that (N, h) is a Riemannian manifold. Let {ξi} be a local orthonor-
mal frame of TN , and {σi} its dual coframe. Denote by {η ij } the connection
1-forms of the Levi-Civita connection ∇ˆ on N , i.e. ∇ˆξi = η ji ⊗ ξj . Then we
have the structure equations
dσi = σj ∧ η ij , dη ij = η lj ∧ η il +Ω ij , Ω ij =
1
2
Rˆ ij klσ
k ∧ σl, (2.5)
where Rˆ is the curvature of Levi-Civita connection ∇ˆ in (N, h).
Suppose that (M,HM, Jb, θ) is a strictly pseudoconvex CR (2n+1)-manifold
and ∇ is its Tanaka-Webster connection. Let f :M → N be a smooth map and
f∗TN the pullback bundle. Denote
dbf = πHdf = f
i
αθ
α ⊗ ξi + f iα¯θα¯ ⊗ ξi ∈ Γ(T ∗M ⊗ f∗TN),
f0 = df(T ) = f
i
0 ξi ∈ Γ(f∗TN).
(2.6)
Let ∇f be the pullback connection in f∗TN induced by the Levi-Civita con-
nection of (N, h). Then we can determine a connection ∇f in T ∗M ⊗ f∗TN
by
∇fX(ω ⊗ ξ) = ∇Xω ⊗ ξ + ω ⊗∇fX ξ
for any X ∈ Γ(TM), ω ∈ Γ(T ∗M) and ξ ∈ Γ(f∗TN). Under the local frame
{θ, θα, θα¯} and {ξi}, the tensor ∇fdf can be expressed by:
∇fdf = f iαβθα ⊗ θβ ⊗ ξi + f iα¯βθα¯ ⊗ θβ ⊗ ξi + f iαβ¯θα ⊗ θβ¯ ⊗ ξi
+ f iα¯β¯θ
α¯ ⊗ θβ¯ ⊗ ξi + f i0αθ ⊗ θα ⊗ ξi + f iα0θα ⊗ θ ⊗ ξi
+ f i0α¯θ ⊗ θα¯ ⊗ ξi + f iα¯0θα¯ ⊗ θ ⊗ ξi + f i00θ ⊗ θ ⊗ ξi. (2.7)
Denote by ∇fb dbf the restriction of∇fdf to HM×HM . Throughout the paper,
the Einstein summation convention is used (except in the inequality (3.21)) and
the ranges of indices are
α, β, γ, µ, · · · ∈ {1, . . . , n}, i, j, k, l, · · · ∈ {1, . . . , dim N}
where dim M = 2n+ 1.
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Definition 2.5 ([5]). Let us consider the f−tensor field on M given by
τ(f ; θ, ∇ˆ) = traceGθ(∇fb dbf) ∈ Γ(f∗TN).
We say that f is pseudoharmonic, if τ(f ; θ, ∇ˆ) = 0.
It is known that pseudoharmonic maps are the critical points of the following
energy functional (cf. [5]):
EΩ(f) =
1
2
∫
Ω
traceGθ (πHf
∗h) θ ∧ (dθ)n
for any compact domain Ω ⊂⊂ M . With respect to the local frame {θ, θα, θα¯}
and {ξi}, we have
τ(f ; θ, ∇ˆ) = (f iαα¯ + f iα¯α)ξi. (2.8)
3 Bochner-Type formulas
In [6], A. Greenleaf obtained the commutation relations of smooth functions
and established Bochner-type formulas of pseudoharmonic functions. In [7],
John M. Lee derived the commutation relations of (1, 0)-forms. We shall need
the commutation relations of various covariant derivatives of smooth maps and
Bochner-type formulas of pseudoharmonic maps.
Lemma 3.1. Let f : M → N be a smooth map. The covariant derivatives of
df satisfy the following commutation relations:
f iαβ =f
i
βα, (3.1)
f iαβ¯ − f iβ¯α =2
√−1f i0δαβ¯ , (3.2)
f i0α − f iα0 =f iβ¯Aβ¯α, (3.3)
and
f iαβγ − f iαγβ =2
√−1f iβAαγ − 2
√−1f iγAαβ − f jαfkβ f lγRˆ ij kl, (3.4)
f iαβ¯γ¯ − f iαγ¯β¯ =2
√−1f iµAµγ¯δαβ¯ − 2
√−1f iµAµβ¯δαγ¯ − f jαfkβ¯f lγ¯Rˆ ij kl, (3.5)
f iαβγ¯ − f iαγ¯β =f iµR µα βγ¯ + 2
√−1f iα0δβγ¯ − f jαfkβ f lγ¯Rˆ ij kl, (3.6)
f iαβ0 − f iα0β =f iγA γαβ, − f iαγ¯Aγ¯β − f jαfkβf l0Rˆ ij kl, (3.7)
f iαβ¯0 − f iα0β¯ =− f iγAγβ¯,α − f iαγA
γ
β¯
− f jαfkβ¯ f l0Rˆ ij kl. (3.8)
Proof. The identities (2.6) imply
f∗σi = f iαθ
α + f iα¯θ
α¯ + f i0θ. (3.9)
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We take the exterior derivative of (3.9) and use the structure equations (2.1),
(2.5) to get
0 =(df iα − f iβω βα + f jαη˜ ij ) ∧ θα + (df iα¯ − f iβ¯ω β¯α¯ + f jα¯η˜ ij ) ∧ θα¯
+ (df i0 + f
j
0 η˜
i
j ) ∧ θ + f iαθ ∧ τα + f iα¯θ ∧ τ α¯ + 2
√−1f i0θβ ∧ θβ¯ , (3.10)
where η˜ ij = f
∗η ij . On the other hand, the second-order covariant derivatives
satisfy
df iα − f iβω βα + f jαη˜ ij = f iαβθβ + f iαβ¯θβ¯ + f iα0θ, (3.11)
df iα¯ − f iβ¯ω β¯α¯ + f jα¯η˜ ij = f iα¯βθβ + f iα¯β¯θβ¯ + f iα¯0θ, (3.12)
df i0 + f
j
0 η˜
i
j = f
i
0βθ
β + f i0β¯θ
β¯ + f i00θ. (3.13)
Substituting the above three equations into (3.10) and using τα = Aα
β¯
θβ¯ , we
obtain
0 =f iαβθ
β ∧ θα + f iα¯β¯θβ¯ ∧ θα¯ + (f iαβ¯ − f iβ¯α − 2
√−1f i0δαβ¯)θβ¯ ∧ θα
+ (f iα0 − f i0α + f iβ¯Aβ¯α)θ ∧ θα + (f iα¯0 − f i0α¯ + f iβAβα¯)θ ∧ θα¯.
which (by comparing types) yields (3.1)-(3.3). To prove the next five equations,
we differentiate (3.11) and use the structure equations again. Then we obtain
0 =(df iαβ − f iαγω γβ − f iγβω γα + f jαβ η˜ ij ) ∧ θβ
+ (df iαβ¯ − f iαγ¯ω γ¯β¯ − f iγβ¯ω γα + f
j
αβ¯
η˜ ij ) ∧ θβ¯
+ (df iα0 − f iβ0ω βα + f jα0η˜ ij ) ∧ θ + f iβΠ βα − f jαf∗(Ωij)
+ f iαβA
β
γ¯θ ∧ θγ¯ + f iαβ¯Aβ¯γθ ∧ θγ + 2
√−1f iα0θβ ∧ θβ . (3.14)
Since the third-order covariant derivatives of f is given by
df iαβ − f iαγω γβ − f iγβω γα + f jαβ η˜ ij =f iαβγθγ + f iαβγ¯θγ¯ + f iαβ0θ,
df iαβ¯ − f iαγ¯ω γ¯β¯ − f iγβ¯ω γα + f
j
αβ¯
η˜ ij =f
i
αβ¯γθ
γ + f iαβ¯γ¯θ
γ¯ + f iαβ¯0θ,
df iα0 − f iβ0ω βα + f jα0η˜ ij =f iα0γθγ + f iα0γ¯θγ¯ + f iα00θ,
we can substitute them into (3.14) and use (2.2), (2.5) to obtain
0 =
∑
γ<β
(f iαβγ − f iαγβ − 2
√−1f iβAαγ + 2
√−1f iγAαβ + f jαfkβf lγRˆ ij kl)θγ ∧ θβ
+
∑
γ,β
(f iαβγ¯ − f iαγ¯β − f iµR µα βγ¯ − 2
√−1f iα0δβγ¯ + f jαfkβ f lγ¯Rˆ ij kl)θγ¯ ∧ θβ
+
∑
γ<β
(f iαβ¯γ¯ − f iαγ¯β¯ − 2
√−1f iµAµγ¯δαβ¯ + 2
√−1f iµAµβ¯δαγ¯ + f jαfkβ¯f lγ¯Rˆ ij kl)θγ¯ ∧ θβ¯
+
∑
β
(f iαβ0 − f iα0β − f iγA γαβ, + f iαγ¯Aγ¯β + f jαfkβ f l0Rˆ ij kl)θ ∧ θβ
+
∑
β
(f iαβ¯0 − f iα0β¯ + f iγAγβ¯,α + f iαγA
γ
β¯
+ f jαf
k
β¯ f
l
0Rˆ
i
j kl)θ ∧ θβ¯ .
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which (by comparing types) yields (3.4)-(3.8).
Before introducing the Bochner-type formulas, we recall a property of the
sub-Laplace operator △b (cf. [5]). If u is a C2 function on M , then △bu =
traceGθ(∇bdbu). With respect to the local orthonormal frame {T, Zα, Zα¯}, we
have △bu = uαα¯ + uα¯α.
Lemma 3.2. For any smooth map f :M → N , we have
1
2
△b|dbf |2 = |∇fb dbf |2 + 〈∇fb τ(f ; θ, ∇ˆ), dbf〉 − 4〈dbf ◦ Jb,∇fb f0〉
+ (2Ric− 2(n− 2)Tor)(f iβ¯Zβ, f iα¯Zα)
+ 2(f iα¯f
j
βf
k
β¯f
l
αRˆ
i
j kl + f
i
αf
j
βf
k
β¯f
l
α¯Rˆ
i
j kl), (3.15)
1
2
△b|df(T )|2 = |∇fb f0|2 + 〈df(T ),∇fT τ(f ; θ, ∇ˆ)〉+ 2f i0f jαfkα¯f l0Rˆ ij kl
+ 2(f i0f
i
βAβ¯α¯,α + f
i
0f
i
β¯Aβα,α¯ + f
i
0f
i
β¯α¯Aβα + f
i
0f
i
βαAβ¯α¯) (3.16)
where ∇fb τ(f ; θ, ∇ˆ) and ∇fb f0 are the restriction of ∇fτ(f ; θ, ∇ˆ) and ∇ff0 to
HM .
Proof. Since |dbf |2 = 2f iαf iα¯, we have
1
2
△b|dbf |2 =(f iαf iα¯)ββ¯ + (f iαf iα¯)β¯β
=2(f iαβf
i
α¯β¯ + f
i
αβ¯f
i
α¯β) + f
i
α¯f
i
αββ¯ + f
i
αf
i
α¯ββ¯ + f
i
αf
i
α¯β¯β + f
i
α¯f
i
αβ¯β
=|∇fb dbf |2 + f iα¯f iαββ¯ + f iαf iα¯ββ¯ + f iαf iα¯β¯β + f iα¯f iαβ¯β .
Lemma 3.1 implies
f iαββ¯ =f
i
βαβ¯ = f
i
ββ¯α + f
i
µR
µ
β αβ¯
+ 2
√−1f iβ0δαβ¯ − f jβfkαf lβ¯Rˆ ij kl
=f iββ¯α + f
i
µR
µ
β αβ¯
+ 2
√−1(f i0β − f iµ¯Aµ¯β)δαβ¯ − f jβfkαf lβ¯Rˆ ij kl,
f iα¯ββ¯ =(f
i
βα¯ − 2
√−1f i0δβα¯)β¯ = f iβα¯β¯ − 2
√−1f i0β¯δβα¯
=f iββ¯α¯ + 2
√−1f iµAµβ¯δβα¯ − 2
√−1f iµAµα¯δββ¯ − f jβfkα¯f lβ¯Rˆ ij kl − 2
√−1f i0β¯δβα¯.
Substituting them into the previous identity, we obtain
1
2
△b|dbf |2 =|∇fb dbf |2 + f iα¯(f iββ¯ + f iβ¯β)α + f iα(f iββ¯ + f iβ¯β)α¯
+ 2f iα¯f
i
µRαµ¯ββ¯ − 2
√−1(n− 2)(f iαf iµAµ¯α¯ − f iα¯f iµ¯Aµα)
+ 2(f iα¯f
j
βf
k
β¯f
l
αRˆ
i
j kl + f
i
αf
j
βf
k
β¯f
l
α¯Rˆ
i
j kl) + 4
√−1(f iα¯f i0α − f iαf i0α¯).
By the identity 〈dbf ◦ Jb,∇fb f0〉 =
√−1(f iαf i0α¯ − f iα¯f i0α), we get (3.15). The
proof of (3.16) is similar.
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Lemma 3.3. Let (M,HM, Jb, θ) be a (2n+ 1)-Sasakian manifold with
Ric(X,X) ≥ −k|X |2 (3.17)
for all X ∈ T1,0M , and some k ≥ 0. Suppose that (N, h) is a Riemannian man-
ifold with nonpositive sectional curvature. If f : M → N is a pseudoharmonic
map, then for any ν > 0, we have
△b|dbf |2 ≥ |∇fb dbf |2 + 2n|f0|2 −
(
2k +
32
ν
)
|dbf |2 − 1
2
ν|∇fb f0|2 (3.18)
and
△b|f0|2 ≥ 2|∇fb f0|2. (3.19)
Proof. Since f is pseudoharmonic, by definition we have τ(f ; θ, ∇ˆ) = 0. Because
(M,HM, Jb, θ) is Sasakian, the tensor Tor = 0. Hence, by the assumption on
the pseudo-Hermitian Ricci curvature, (3.15) becomes
△b|dbf |2 =2|∇fb dbf |2 − 8〈dbf ◦ Jb,∇fb f0〉 − 2k|dbf |2
+ 4(f iα¯f
j
βf
k
β¯ f
l
αRˆ
i
j kl + f
i
αf
j
βf
k
β¯ f
l
α¯Rˆ
i
j kl). (3.20)
Using the commutation relation (3.2), we can estimate
|∇fb dbf |2 =2
n∑
α,β=1
(f iα¯βf
i
αβ¯ + f
i
αβf
i
α¯β¯) ≥ 2
n∑
α=1
f iαα¯f
i
α¯α
=
1
2
n∑
α=1
[|f iαα¯ + f iα¯α|2 + |f iαα¯ − f iα¯α|2] ≥
1
2
n∑
α=1
|f iαα¯ − f iα¯α|2
=2n|f0|2. (3.21)
The second term of the right side of (3.20) can be controlled by the Schwarz
inequality
− 8〈dbf ◦ Jb,∇fb f0〉 ≥ −
32
ν
|dbf |2 − 1
2
ν|∇fb f0|2. (3.22)
To deal with the last term of (3.20), we set eα = Re df(Zα) and e
′
α = Im df(Zα).
Then
Last term of (3.20) = 4〈Rˆ(df(Zβ¯), df(Zα¯))df(Zβ), df(Zα)〉
+ 4〈Rˆ(df(Zβ¯), df(Zα))df(Zβ), df(Zα¯)〉
= − 4(〈Rˆ(eα, eβ)eβ , eα〉+ 〈Rˆ(eα, e′β)e′β , eα〉
+ 〈Rˆ(e′α, eβ)eβ , e′α〉+ 〈Rˆ(e′α, e′β)e′β , e′α〉)
≥ 0 (3.23)
where we have used the assmuption that the sectional curvature of N is non-
positive. Substituting (3.21), (3.22) and (3.23) into (3.20), we get (3.18).
8
Observe that
f i0f
j
αf
k
α¯f
l
0Rˆ
i
j kl =〈Rˆ(df(Zα¯), df(T ))df(Zα), df(T )〉
=− (〈Rˆ(eα, e0)e0, eα〉+ 〈Rˆ(e′α, e0)e0, e′α〉)
≥0. (3.24)
Then (3.19) can be easily proved from (3.16) and (3.24).
From now on, we assume that (N, h) is a simply connected Riemannian
manifold with nonpositive sectional curvature. Let ρ be the distance to a fixed
point y0 ∈ N . Then ρ2 is smooth on N . By the Hession comparison theorem,
we have
Hess(ρ2) ≥ 2h.
For any smooth map f :M → N , the chain rule gives that
△b(ρ2 ◦ f) = dρ2(τ(f ; θ, ∇ˆ)) + traceGθ Hess(ρ2)(dbf, dbf).
Therefore, we can conclude that if f is pseudoharmonic, then
△b(ρ2 ◦ f) ≥ 2|dbf |2. (3.25)
4 Cannot-Carathe´odory distance
As known, the maximum principle is an important tool to obtain pointwise
estimates for solutions of geometric PDEs. In order to use it in Sasakian mani-
folds, we need some special exhaustion function to construct a cutoff function.
A natural choice is the Carnot-Carathe´odory distance function.
Definition 4.1. Let (M,HM, Jb, θ) be a strictly pseudoconvex CR manifold.
A piecewise C1-curve γ : [0, 1] → M is said to be horizontal if γ′(t) ∈ HM
whenever γ′(t) exists. The length of γ is given by
l(γ) =
∫ 1
0
|γ′|1/2Gθ dt.
We define the Cannot-Carathe´odory distance between two points p, q ∈M by
dc(p, q) = inf{l(γ)| γ ∈ Cp,q}
where Cp,q is the set of all horizontal curves joining p and q. We say that
(M,HM, Jb, θ) is complete if it is complete as a metric space. A horizontal
curve γ : [0, 1]→M is called length minimizing geodesic if l(γ) = dc(γ(0), γ(1)).
Fix x0 ∈ M , and set r(x) = dc(x0, x). The Carnot-Carathe´odory ball of radius
R centered at x0 is denoted by BR(x0) = {x ∈M | r(x) < R}.
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In [9], R. Strichartz pointed out that if (M,HM, Jb, θ) is complete, then for
any x0, x ∈M , there exists at least one length minimizing geodesic γ : [0, 1]→
M joining x0 and x. Moreover, γ can extend to (−∞,∞). We say that x is a cut
point of x0, if for any ǫ > 0, γ|[0,1+ǫ] is no longer a length minimizing geodesic
joining x0 and γ(1 + ǫ). The set of all cut points of x0, denoted by cut(x0),
is called the cut locus of x0. Theorem 1.2 and Proposition 1.2 in [1] assert
that the Cannot-Carathe´odory distance r to a reference point x0 is smooth on
M \ (cut(x0) ∪ {x0}).
Definition 4.2 ([3]). Let (M,HM, Jb, θ) be a noncompact complete Sasakian
(2n+ 1)-manifold with
Ric(X,X) ≥ −k|X |2
for all X ∈ T1,0M and some k ≥ 0. We say that (M,HM, Jb, θ) satisfies CR
sub-Laplace comparison property relative to a point x0 ∈ M , if there exists a
positive constant C1 such that the Carnot-Carathe´odory distance r to x0 satisfies
△br ≤ C1(1
r
+
√
k) (4.1)
on M \ (cut(x0) ∪ {x0}) and where r ≥ 1.
Proposition 4.3 ([4]). There exists a positive constant C′1 on Heisenberg group
(Hn, HHn, Jb, θ) such that
△br ≤ C
′
1
r
(4.2)
on M \ (cut(o)∪{o}). Here r is the Carnot-Carathe´odory distance to the origin
o.
Since the pseudohermitian torsion and the pseudohermitian Ricci curvature
of Heisenberg group (Hn, HHn, Jb, θ) are both zero, Proposition 4.3 asserts that
the CR sub-Laplace comparison property holds on Heisenberg group.
5 Sub-Gradient Estimate For Pseudoharmonic
Map
In this section, we will obtain a sub-gradient estimate for pseudoharmonic maps.
Let (M,HM, Jb, θ) be a noncompact complete (2n+1)-Sasakian manifold with
CR sub-Laplace comparison property relative to a point x0 ∈M and
Ric(X,X) ≥ −k|X |2
for all X ∈ T1,0M and some k ≥ 0. Suppose that (N, h) is a simply connected
Riemannian manifold with nonpositive sectional curvature. We consider a pseu-
doharmonic map f :M → N . Let ρ be the Riemannian distance to y0 = f(x0).
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We choose a function ψ ∈ C∞([0,∞)) with the property that
ψ|[0,1] = 1, ψ|[2,∞) = 0, −C2 |ψ|
1
2 ≤ ψ′ ≤ 0, |ψ′′| ≤ C2.
Let R > 1 be fixed. By CR sub-Laplacian comparison property, the cutoff
function η = ψ( rR ) satisfies:
η−1|dbη|2 ≤ C
′
2
R2
△bη = ψ
′′
R2
|dbr|2 + ψ
′
R
△br ≥ −C′2
(
1
R2
+
√
k
R
) (5.1)
on M \ (cut(x0) ∪ {x0}). Here C′2 depends only on C2 and C1. Denote bR =
2sup{ρ◦f(x)|x ∈ B2R(x0)}. We construct a smooth function F (x) : B2R(x0)→
R by
F (x) =
|dbf |2 + µη|f0|2
b2R − ρ2 ◦ f
(x). (5.2)
The positive coefficient µ will be determined later.
Lemma 5.1. If r is smooth at x ∈ B2R(x0) and (ηF )(x) 6= 0, then at x, we
have
△b(|dbf |2 + µη|f0|2) ≥ 1
24
|db(|dbf |2 + µη|f0|2)|2
|dbf |2 + µη|f0|2
+
[
2n− 6µC′2(
1
R2
+
√
k
R
)
]
|f0|2 − 32
(
k +
1
µη
)
|dbf |2. (5.3)
Proof. First we compute
△b(µη|f0|2) =µ[(△bη)|f0|2 + 2〈dbη, db|f0|2〉+ η△b|f0|2]
=µ[(△bη)|f0|2 + 2〈dbη, 2〈∇fb f0, f0〉f∗TN 〉+ η△b|f0|2]
≥µ[(△bη)|f0|2 − η|∇fb f0|2 − 4|f0|2η−1|dbη|2 + η△b|f0|2]
≥ µη|∇fb f0|2 − 5µC′2
(
1
R2
+
√
k
R
)
|f0|2.
The last inequality is due to (3.19) and (5.1). Hence by (3.18) with ν = µη, we
have the estimate
△b(|dbf |2 + µη|f0|2) ≥ 1
2
(
|∇fb dbf |2 + µη|∇fb f0|2
)
+
1
2
|∇fb dbf |2
+
[
2n− 5µC′2(
1
R2
+
√
k
R
)
]
|f0|2 − 32
(
k +
1
µη
)
|dbf |2. (5.4)
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In order to deal with the first term of the right side, we need the following
Schwarz inequalities:
|db|dbf |2|2 ≤4 |dbf |2 |∇fb dbf |2, (5.5)
|db|f0|2|2 ≤4 |f0|2|∇fb f0|2. (5.6)
If |dbf |(x) 6= 0 and |f0|(x) 6= 0, then at x, we have
1
2
(
|∇fb dbf |2 + µη|∇fb f0|2
)
≥ 1
8
( |db|dbf |2|2
|dbf |2 + µη
|db|f0|2|2
|f0|2 + µ
|dbη|2
η
|f0|2
)
− 1
8
µ
|dbη|2
η
|f0|2
≥ 1
24
|db(|dbf |2 + µη|f0|2)|2
|dbf |2 + µη|f0|2 −
µC′2
8
1
R2
|f0|2.
Substituting this inequality to (5.4), we get (5.3). If |dbf |(x) = 0 (or |f0|(x) =
0), we can directly discard the nonnegative term 12 |∇fb dbf |2 (or 12µη|∇fb f0|2)
from (5.4) and use the Schwarz inequality (5.5) (or (5.6)) to obtain (5.3).
Let x be a maximum point of ηF on B2R(x0). If x is not in the cut locus
of x0, then η is smooth near x. If x is in the cut locus of x0, we may remedy
η by the following consideration. Since (M,HM, Jb, θ) is complete, there exists
a length minimizing geodesic curve γ : [0, 1] → M which joins x0 and x. Let
ǫ be a small positive number. Along γ, x is before the cut point of γ(ǫ). This
guarantees that the modified function r˜(z) = dc(z, γ(ǫ)) + ǫ is smooth in the
neighborhood of x. Moreover, triangle inequality implies that:
r ≤ r˜, and r(x) = r˜(x).
Set η˜ = ψ( r˜R ). Then η˜ is smooth near x and
η ≥ η˜, and η(x) = η˜(x).
This means that x is still a maximum point of η˜F . Hence, we may assume
without loss of generality that r is already smooth near x.
Lemma 5.2. If x is a nonzero maximum point of ηF on B2R(x0), then at x,
we have the estimate
0 ≥
[
2ηF − 34n(k + 1
µ
)
] |dbf |2
b2R − ρ2 ◦ f
+
[
2n− 31µC′2(
1
R2
+
√
k
R
)
]
F
µ
. (5.7)
Proof. It is obvious that x is still a maximum point of ln(ηF ) on B2R(x0). Since
△b is a degenerate elliptic operator, the maximum principle implies that at x,
0 = db ln(ηF ) =
dbη
η
+
db(|dbf |2 + µη|f0|2)
|dbf |2 + µη|f0|2 +
db(ρ
2 ◦ f)
b2R − ρ2 ◦ f
, (5.8)
0 ≥ △b ln(ηF ) = △bη
η
− |dbη|
2
η2
+
△b(|dbf |2 + µη|f0|2)
|dbf |2 + µη|f0|2
− |db(|dbf |
2 + µη|f0|2)|2
(|dbf |2 + µη|f0|2)2 +
△b(ρ2 ◦ f)
b2R − ρ2 ◦ f
+
|db(ρ2 ◦ f)|2
(b2R − ρ2 ◦ f)2
. (5.9)
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By Lemma 5.1, (5.9) becomes
0 ≥ △bη
η
− |dbη|
2
η2
− 23
24
|db(|dbf |2 + µη|f0|2)|2
(|dbf |2 + µη|f0|2)2 +
|db(ρ2 ◦ f)|2
(b2R − ρ2 ◦ f)2
+
[2n− 6µC′2( 1R2 +
√
k
R )]|f0|2 − 32(k + 1µη )|dbf |2
|dbf |2 + µη|f0|2 +
△b(ρ2 ◦ f)
b2R − ρ2 ◦ f
.
Substituting (5.8) in above inequality and using Schwarz inequality: (α+β)2 ≤
24α2 + 2423β
2, we obtain
0 ≥ △bη
η
− 24 |dbη|
2
η2
− 32
(
k +
1
µη
) |dbf |2
|dbf |2 + µη|f0|2
+
[
2n− 6µC′2
(
1
R2
+
√
k
R
)]
|f0|2
|dbf |2 + µη|f0|2 +
△b(ρ2 ◦ f)
b2R − ρ2 ◦ f
.
By the estimates (3.25) and (5.1), we have
0 ≥ − 25C
′
2
η
(
1
R2
+
√
k
R
)
− 32
(
k +
1
µη
) |dbf |2
|dbf |2 + µη|f0|2
+
[
2n− 6µC′2
(
1
R2
+
√
k
R
)]
|f0|2
|dbf |2 + µη|f0|2 + 2
|dbf |2
b2R − ρ2 ◦ f
.
Hence multiplying both sides by ηF , we conclude that
0 ≥− 25C′2
(
1
R2
+
√
k
R
)
F − 32
(
ηk +
1
µ
) |dbf |2
b2R − ρ2 ◦ f
+
[
2n− 6µC′2(
1
R2
+
√
k
R
)
]
η|f0|2
b2R − ρ2 ◦ f
+ 2ηF
|dbf |2
b2R − ρ2 ◦ f
. (5.10)
Finally, we rewrite (5.2) as
η|f0|2
b2R − ρ2 ◦ f
=
1
µ
(F − |dbf |
2
b2R − ρ2 ◦ f
)
and substitute it into the previous inequality. This procedure yields
0 ≥
[
2n− 31µC′2(
1
R2
+
√
k
R
)
]
F
µ
+
[
2ηF − 1
µ
(
2n− 6µC′2(
1
R2
+
√
k
R
)
)
− 32(ηk + 1
µ
)
]
|dbf |2
b2R − ρ2 ◦ f
≥
[
2n− 31µC′2(
1
R2
+
√
k
R
)
]
F
µ
+
[
2ηF − 2n
µ
− 32(k + 1
µ
)
] |dbf |2
b2R − ρ2 ◦ f
.
The last inequality is due to 0 ≤ η ≤ 1. Since n ≥ 1, we get (5.7).
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Now we present our main results.
Theorem 5.3. Let (M,HM, Jb, θ) be a noncompact complete (2n+1)-Sasakian
manifold with CR sub-Laplace comparison property relative to a fixed point x0
and
Ric(X,X) ≥ −k|X |2
for all X ∈ T1,0M , and some k ≥ 0. Suppose that (N, h) is a simply connected
Riemannian manifold with nonpositive sectional curvature. Assume that f :
M → N is a pseudoharmonic map. Let ρ be the Riemannian distance to y0 =
f(x0). For any R > 1, set bR = 2 sup {ρ ◦ f(x)|x ∈ B2R(x0)} and a = R21+√kR .
Then, on BR(x0)
|dbf |2 + a|f0|2 ≤ C3 b2R
(
1
a
+ k
)
(5.11)
where the constant C3 only depends on the dimension of M and C1.
Remark 5.4. Our auxiliary function (5.2) for the maximum principle is slightly
different from that one introduced in [3]. In our case, we omit the variable t in
the auxiliary function. This seems to simplify the related estimates even for the
pseudoharmonic function case.
Proof. Let µ = n31C′
2
R2
1+
√
kR
= n31C′
2
a. We consider the auxiliary function F
given by (5.2). Let x be a maximum point of ηF on B2R(x0). We assume
(ηF )(x) 6= 0 (Otherwise, the following estimate (5.12) is trivial). Since 2n −
31µC′2(
1
R2 +
√
k
R ) = n > 0, the last term of the right side in (5.7) is positve.
Hence Lemma 5.2 yields
max
z∈B2R(x0)
(ηF )(z) ≤ 17n
(
k +
1
µ
)
. (5.12)
Since η(z) = 1 for z ∈ BR(x0), this inequality asserts that on BR(x0)
|dbf |2 + µ|f0|2 ≤ 17n(b2R − ρ2 ◦ f)
(
k +
1
µ
)
≤ 17nb2R
(
k +
1
µ
)
.
Hence (5.11) can be obtained by choosing a proper constant C3.
The Reeb energy density is defined by the partial energy density 12 |df(T )|2.
From the sub-gradient estimate (5.11), we can derive an estimate of Reeb energy
density for pseudoharmonic maps and get some vanishing results.
Corollary 5.5. Let (M,HM, Jb, θ) be a noncompact complete Sasakian mani-
fold with CR sub-Laplace comparison property relative to a fixed point x0 and
Ric(X,X) ≥ −k|X |2
for all X ∈ T1,0M and some k ≥ 0. Suppose that (N, h) is a simply connected
Riemannian manifold with nonpositive sectional curvature. Assume that f :
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M → N is a pseudoharmonic map. Let ρ be the Riemannian distance to y0 =
f(x0). For any R > 1, set bR = 2 sup {ρ ◦ f(x)|x ∈ B2R(x0)} and a = R21+√kR .
Then, on BR(x0)
|f0|2 ≤ C3 b2R
(
2
R4
+
3k
R2
+
k
√
k
R
)
. (5.13)
In particular,
(i) if Ric ≥ 0 (i.e. k = 0) and the image of f satisfies:
lim
R→∞
R−2 sup {ρ ◦ f(x)|x ∈ B2R(x0)} = 0,
then df(T ) = 0.
(ii) if the pseudohermitian Ricci curvature of M has strictly negative lower
bound (i.e. k > 0) and the image of f satisfies:
lim
R→∞
R−
1
2 sup {ρ ◦ f(x)|x ∈ B2R(x0)} = 0,
then df(T ) = 0.
The sub-gradient estimate (5.11) also gives Liouville theorem for pseudohar-
monic maps.
Theorem 5.6. Let (M,HM, Jb, θ) be a noncompact complete Sasakian man-
ifold with nonnegative pseudohermitian Ricci curvature, and satisfy CR sub-
Laplace comparison property relative to a fixed point x0 ∈ M . Suppose that
(N, h) is a simply connected Riemannian manifold with nonpositive sectional
curvature. Assume that f : M → N is a pseudoharmonic map. Let ρ be the
Riemannian distance to y0 = f(x0). For any R > 1, set bR = 2sup{ρ◦f(x)|x ∈
B2R(x0)}. Then, on BR(x0)
|dbf |2 +R2|f0|2 ≤ C3 b
2
R
R2
.
In particular, if the image of f satisfies
lim
R→∞
R−1 sup {ρ ◦ f(x)|x ∈ B2R(x0)} = 0,
then f is a constant map.
Since Heisenberg group (Hn, HHn, Jb, θ) satisfies CR sub-Laplace compari-
son property, Theorem 5.6 can be applied to Heisenberg group.
Corollary 5.7. There is no bounded pseudoharmonic map from Heisenberg
group (Hn, HHn, Jb, θ) to a simply connected Riemannian manifold with non-
positive sectional curvature.
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6 Appendix
In this section, we will derive a Reeb energy density estimate for harmonic maps
from Sasakian manifolds to Riemannian manifolds. We recall the definition of
harmonic maps. Let (M,HM, Jb, θ) be a strictly pseudoconvex CR manifold,
and let ∇θ be the Levi-Civita connection of (M, gθ). Let (N, h) be a Riemannian
manifold, and ∇ˆ its Levi-Civita connection. Suppose that f : M → N is a
smooth map. Let f∗TN be the pullback bundle and∇f the pullback connection.
We can determine a connection ∇f,θ in T ∗M ⊗ f∗TN by
∇f,θX (ω ⊗ ξ) = ∇θXω ⊗ ξ + ω ⊗∇fX ξ
for any X ∈ Γ(TM), ω ∈ Γ(T ∗M) and ξ ∈ Γ(f∗TN). So f is harmonic if
τθ(f ; θ, ∇ˆ) = tracegθ (∇f,θdf) = 0.
With respect to the local orthonormal frame {θ, θα, θα¯} in T ∗M ⊗ C and {ξi}
in TN , we have
τθ(f ; θ, ∇ˆ)(f) = (f iαα¯ + f iα¯α + f i00)ξi. (6.1)
Comparing with the equation (2.8), we obtain
τθ(f ; θ, ∇ˆ)(f) = τ(f ; θ, ∇ˆ)(f) +∇fTdf(T ). (6.2)
As above, we need a Bochner-type formula for harmonic maps and a special
exhaustion function.
Lemma 6.1. Let f :M → N be a smooth map. Then
1
2
△|df(T )|2 = |∇ff0|2 + 〈df(T ),∇fT τθ(f ; θ, ∇ˆ)〉+ 2f i0f jαfkα¯f l0Rˆ ij kl
+ 2(f i0f
i
βAβ¯α¯,α + f
i
0f
i
β¯Aβα,α¯ + f
i
0f
i
β¯α¯Aβα + f
i
0f
i
βαAβ¯α¯), (6.3)
where △ is the Laplacian operator in (M, gθ).
Proof. On the one hand, we notice that
1
2
△|df(T )|2 =1
2
△b|df(T )|2 + 1
2
(f i0f
i
0)00 =
1
2
△b|df(T )|2 + f i00f i00 + f i0f i000.
(6.4)
On the other hand, by (6.1), we have
〈df(T ),∇fT τθ(f ; θ, ∇ˆ)〉 =〈df(T ),∇fT τ(f ; θ, ∇ˆ)〉+ 〈df(T ),∇fT∇fT df(T )〉
=〈df(T ),∇fT τ(f ; θ, ∇ˆ)〉+ f i0f i000.
Hence substituting the above equation and (3.16) into (6.4), we get (6.3).
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Lemma 6.2. Let (M,HM, Jb, θ) be a Sasakian manifold, and (N, h) a Rie-
mannian manifold with nonpositive sectional curvature. If f : M → N is a
harmonic map, then
1
2
△|df(T )|2 ≥ |∇ff0|2. (6.5)
The proof follows from (3.24) and (6.3).
Definition 6.3. Let (M,HM, Jb, θ) be a Sasakian manifold with
Ric(X,X) ≥ −k|X |2
for any X ∈ T1,0M , and some k ≥ 0. We say that (M,HM, Jb, θ) satisfies CR
Laplace comparison property relative to a fixed point x0 ∈ M , if there exists a
positive constant C4 such that the Carnot-Carathe´odory distance r to x0 satisfies
△r ≤ C4 (1
r
+
√
k) (6.6)
|dr|gθ ≤ C4 (6.7)
on M \ (cut(x0) ∪ {x0}) and where r ≥ 1.
On Heisenberg group (Hn, HHn, Jb, θ), the square of the Carnot-Carathe´odory
distance function r to the origin has the following expression
[r(z, t)]2 =
φ2
(sinφ)2
||z||2 (6.8)
where ||z||2 = ∑nα=1 |zα|2, φ is the unique solution of χ(φ)||z||2 = |t| in the
interval [0, π) and χ(φ) = φ(sinφ)2 − cotφ. See [3, 4] for details.
Proposition 6.4. On Heisenberg group (Hn, HHn, Jb, θ), there exists a posi-
tive constant C′4 such that the Carnot-Carathe´odory distance r to the origin o
satisfies
△r ≤ C
′
4
r
(6.9)
|dr|2gθ ≤ C′4 (6.10)
on M \ (cut(o)∪{o}) and where r ≥ 1. Therefore, (Hn, HHn, Jb, θ) satisfies CR
Laplace comparison property relative to the origin.
Proof. We first calculate Tr and TTr on M \ (cut(o) ∪ {o}). When t > 0, we
take the partial derivative along ∂∂t of χ(φ)||z||2 = |t| and use the expression of
χ. The result is
∂φ
∂t
=
1
2||z||2
(sinφ)3
sinφ− φ cosφ.
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Therefore,
Tr2 =
∂r2
∂t
= φ,
TT r2 =
∂2r2
∂t2
=
1
r2
(sinφ)5
φ2 (sinφ− φ cosφ) .
Since TTr2 = 2r TT r+ 2|Tr|2, there exists a constant C˜4 such that
|Tr| ≤ C˜4
r
, |TTr| ≤ C˜4
r3
. (6.11)
When t < 0, we can do the similar calculations and obtain the same inequality
(6.11). When t = 0, we can use the continuity property to get the same estimate
(6.11), since r is smooth on M \ (cut(o) ∪ {o}). Hence the inequalities (6.11)
always hold onM \ (cut(o)∪{o}). From Proposition 4.3, there exists a constant
C˜′4 such that
△br ≤ C˜
′
4
r
(6.12)
on M \ (cut(o) ∪ {o}). Let C′4 = 1 + C˜4 + C˜4
2
+ C˜′4. Then
△r = △br + TTr ≤ C
′
4
r
|dr|2 = |dbr|2 + (Tr)2 ≤ C′4
on M \ (cut(o) ∪ {o}) and where r ≥ 1.
To derive the Reeb energy density estimate, we need an analogue estimate
of (3.25). Assume that (N, h) is a simply connected Riemannian manifold with
nonpositive sectional curvature. Let ρ be the distance to a fixed point y0 ∈ N .
If f : M → N is harmonic, the Hession comparison theorem implies
△(ρ2 ◦ f) ≥ 2|df |2. (6.13)
Theorem 6.5. Let (M,HM, Jb, θ) be a noncompact complete Sasakian mani-
fold with CR Laplace comparison property relative to a fixed point x0 and
Ric(X,X) ≥ −k|X |2
for any X ∈ T1,0M , and some k ≥ 0. Suppose that (N, h) is a simply connected
Riemannian manifold with nonpositive sectional curvature. Let f : M → N be
a harmonic map. Let ρ be the Riemannian distance to y0 = f(x0). For any
R > 1, set bR = 2 sup {ρ ◦ f(x)|x ∈ B2R(x0)}. Then, on BR(x0)
|df(T )|2 ≤ C6 b2R
(
1
R2
+
√
k
R
)
(6.14)
where the constant C6 depends only on C4. Moreover,
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(i) if Ric ≥ 0 (i.e. k = 0) and the image of f satisfies
lim
R→∞
R−1 sup {ρ ◦ f(x)|x ∈ B2R(x0)} = 0,
then df(T ) = 0.
(ii) if the pseudohermitian Ricci curvature of M has strictly negative lower
bound (i.e. k > 0) and the image of f satisfies
lim
R→∞
R−
1
2 sup {ρ ◦ f(x)|x ∈ B2R(x0)} = 0,
then df(T ) = 0.
Remark 6.6. In [8], R. Petit got a similar vanishing theorem for harmonic
maps from compact Sasakian manifolds to Riemannian manifolds with nonpos-
itive sectional curvature.
Proof. The choices of ψ and η are the same as in Section 5. Since (M,HM, Jb, θ)
satisfies CR Laplace comparison property, then η satisfies
η−1|dη|2 ≤ C5
R2
△η = ψ
′′
R2
|dr|2 + ψ
′
R
△r ≥ −C5
(
1
R2
+
√
k
R
) (6.15)
on M \ (cut(x0) ∪ {x0}). Here C5 depends only on C4 and C2.
Given R > 1, we consider the function G :M → R, which is given by
G(x) =
|f0|2
b2R − ρ2 ◦ f
(x).
Let x be a maximum point of ηG on B2R(x0). If x is in the cut locus of x0,
then we can modify r as in Section 5. Without loss of generality, assume that r
is smooth at x and (ηG)(x) 6= 0. It is obvious that x is still a maximum point
of ln(ηG) on B2R(x0). Then the maximum principle asserts that at x,
0 = d ln(ηG) =
dη
η
+
d|f0|2
|f0|2 +
d(ρ2 ◦ f)
b2R − ρ2 ◦ f
, (6.16)
0 ≥ △ ln(ηG) =△η
η
− |dη|
2
η2
+
△|f0|2
|f0|2 −
|d|f0|2|2
|f0|4
+
△(ρ2 ◦ f)
b2R − ρ2 ◦ f
+
|d(ρ2 ◦ f)|2
(b2R − ρ2 ◦ f)2
. (6.17)
Applying (6.5) and the inequality |d|f0|2|2 ≤ 4 |f0|2|∇ff0|2 to (6.17), we have
0 ≥ △η
η
− |dη|
2
η2
− 1
2
|d|f0|2|2
|f0|4 +
|d(ρ2 ◦ f)|2
(b2R − ρ2 ◦ f)2
+
△(ρ2 ◦ f)
b2R − ρ2 ◦ f
.
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With the aid of Schwarz inequality, we can use (6.16) to estimate the third and
fourth terms. The result is
0 ≥ △η
η
− 2 |dη|
2
η2
+
△(ρ2 ◦ f)
b2R − ρ2 ◦ f
.
Therefore combining with (6.13) and (6.15), we conclude that at x,
|df |2
b2R − ρ2 ◦ f
≤ 3C5
2η
(
1
R2
+
√
k
R
)
.
Hence by |f0|2 ≤ |df |2, we can get an estimate of ηG:
max
z∈B2R(x)
η|f0|2
b2R − ρ2 ◦ f
(z) = (ηG)(x) =
η|f0|2
b2R − ρ2 ◦ f
(x) ≤ 3C5
2
(
1
R2
+
√
k
R
)
.
This yields for any z ∈ BR(x0),
|f0|2 (z) ≤ 3C5
2
(b2R − ρ2 ◦ f(z))
(
1
R2
+
√
k
R
)
≤ 3C5
2
b2R
(
1
R2
+
√
k
R
)
.
Let C6 =
3
2C5. The above inequality yields (6.14). The rest of this theorem
follows from the estimate (6.14).
The relation (6.2) shows that if df(T ) = 0, then harmonic map is equivalent
to pseudoharmonic map. Therefore, Theorem 5.6 asserts the following Liouville
theorem.
Corollary 6.7. Let (M,HM, Jb, θ) be a noncompact complete Sasakian man-
ifold with nonnegative pseudohermitian Ricci curvature, and satisfy both CR
sub-Laplace comparison property and CR Laplace comparison property relative
to a fixed point x0 ∈M . Suppose that (N, h) is a simply connected Riemannian
manifold with nonpositive sectional curvature. Assume that f : M → N is a
harmonic map. Let ρ be the Riemnnian distance to y0 = f(x0). If the image of
f satisfies
lim
R→∞
R−1 sup {ρ ◦ f(x)|x ∈ B2R(x0)} = 0,
then f is a constant map.
Proposition 4.3 and Proposition 6.4 state that Heisenberg group satisfies
both CR sub-Laplace comparison property and CR Laplace comparison prop-
erty relative to the origin.
Corollary 6.8. There is no bounded harmonic map from Heisenberg group
(Hn, HHn, Jb, θ) to a simply connected Riemannian manifold with nonpositive
sectional curvature.
Remark 6.9. If n ≥ 2, then the Levi-Civita connection of Heisenberg group
(Hn, HHn, Jb, θ) does not have nonnegative Ricci curvature. Thus Corollary
6.8 can not be derived from the results in [2].
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